Abstract. If the system of two diophantine equations X 2 + mY 2 = Z 2 and X 2 + nY 2 = W 2 has infinitely many integer solutions (X, Y, Z, W ) with gcd(X, Y ) = 1, equivalently, the elliptic curve E m,n : y 2 = x(x + m)(x + n) has positive rank over Q, then (m, n) is called a strongly concordant pair. We prove that for a given positive integer M and an integer k, the number of strongly concordant pairs (m, n) with m, n ∈ [1, N] and m, n ≡ k is at least O(N ), and we give a parametrization of them.
Introduction
The following is known as Euler's concordant forms problem:
Problem 1 (Euler's concordant forms). For nonzero integers m and n, are there integer solutions (X, Y, Z, W ) with gcd(X, Y ) = 1 to the system of equations
In this paper, we consider an infinite family of positive integer pairs (m, n) for which there are infinitely many integer solutions to (1) with gcd(X, Y ) = 1.
When m = −n, this problem is the congruent number problem and if there exist an integer solution (X, Y, Z, W ) with gcd(X, Y ) = 1 to X 2 − nY 2 = Z 2 , and X 2 + nY 2 = W 2 , then such an integer n is called a congruent number. In [8] Tunnell found a formula under the BSD conjecture for determining whether or not a number is a congruent number by investigating the connection between congruent numbers and elliptic curves. Also Bennet proved the arithmetic progression of congruent numbers in [1] , i.e. that for a positive integer M and an integer k, there are infinitely many congruent numbers n such that n ≡ k (mod M ).
Ono proved in [6] that if m = 1 and n = 2k 2 − 1 with k = 0, 1 and 2, then there are infinitely many integer solutions (X, Y, Z, W ) with gcd(X, Y ) = 1 to (1).
Our main result in this paper is to prove a lower bound of the number of positive integer pairs (m, n) in arithmetic progressions for which there are infinitely many integer solutions to (1) with gcd(X, Y ) = 1 and to give a parametrization of an infinite family of such pairs.
In Section 2, we give a connection between such pairs and the rational points of elliptic curves and prove the main theorem, which shows that the number of such pairs (m, n) in arithmetic progressions and with 0 < m, n < N is at least O(N ) (Theorem 7) and gives parametrizations of such pairs and solutions to (1) . In Section 3, we consider the case when m = 1 and give a parametrization of integers n and solutions to (1) when m = 1 (Theorem 13); in particular, we show that the number of such integers n < N in arithmetic progressions is at least O( √ N ). In Section 4, we consider the general case of nonzero distinct m-tuples (n 1 , . . . , n m ) such that the system
m has integer solutions, and give a parametrization of them (Corollary 15). 
For integers m and n such that mn = 0 and m = n, let
The Euler concordant forms problem can be reduced to the existence of certain rational points of the elliptic curve E m,n over Q given in (2) as follows.
Lemma 4 ([5, Corollary 2]). For nonzero distinct integers m and n, (m, n) is a concordant pair if and only if there exists a point
P ∈ E m,n (Q) such that 4P = O.
Corollary 5. For nonzero distinct integers m and n, (m, n) is a strongly concordant pair if and only if E m,n (Q) has positive rank.
Proof. By Lemma 4, for a concordant pair (m, n), a primitive integer solution to (1) corresponds to a point P such that 2Q = P ∈ E m,n (Q) [2] for some point Q. Now we need to show the correspondence between infinitely many primitive solutions and infinitely many points of infinite order in E m,n (Q).
For nonzero distinct integers m and n, let {(a i , b i , c i , d i )|i ∈ N} be an infinite set of primitive solutions to (1). Then
Since gcd(a i , b i ) = 1 for each i, we have that
contains an infinite set {P i |i ∈ N} of points, but since E m,n (Q) tor is finite, this implies that E m,n (Q) has a nontorsion point, so has positive rank.
Also, if E m,n (Q) has a nontorsion point Q and we let is a primitive solution to (1). For each k ∈ Z, P 2k gives a primitive solution to (1) . Since a 2k = a 2 ⇐⇒ P 2k = ±P 2 , the infinite set {P 2k ∈ E m,n (Q) : k ∈ Z} provides infinitely many primitive solutions to (1) . Hence (m, n) is a strongly concordant pair.
Remark 6. In Example 3, for the pair (27, −5), E 27,−5 : y 2 = x(x + 27)(x − 5) has the Mordell-Weil group E 27,−5 (Q) ∼ = Z/2Z × Z/6Z which has zero rank, and Q = (−3, 24) ∈ E 27,−5 (Q) has the order 6, so as in (3) and (4), 2Q = P = (9, 36) provides only one primitive solution (X, Y, Z, W ) = (3, 1, 6, 2) to (1).
The following is our main result.
Theorem 7. For a given integer M > 1 and an integer
for each pair (t, r) such that r = 0, 1 and t = 0, −r, ±(r − 1) and for each of such a pair (m r (t), n r (t)), a primitive solution to (1) is
where c = 1 or 1/2 depending on the parity of Mt + Mr − k + 1.
In particular, the number of strongly concordant pairs (m, n) with m, n ∈ [1, N] and m, n ≡ k (mod M ), equivalently, by Corollary 5, the rank of E m,n (Q) is positive, is at least O(N ). Then T is an infinite subset of Z 2 . For each pair (t, r) ∈ T , m r (t)n r (t) = 0, n r (t) = ±1, m r (t) = n r (t), and (n r (t) − 1)
Proof. For given integers
and
Also, for each pair (t, r) ∈ T , E m r (t),n r (t) defined in (2) is nonsingular and
By the duplication formula and using (5), we can get the following expressions for points 2P t and 4P t which are well-defined (by (6)):
where
2 ). Now we show that for (t, r) ∈ T , P t is of infinite order. By Mazur's Theorem ( [4] ), since E m r (t),n r (t) (Q) tor contains Z/2Z × Z/2Z, the torsion subgroup E m r (t),n r (t) (Q) tor is isomorphic to Z/2Z × Z/2dZ, where d = 1, 2, 3 or 4. So every torsion point P in E m r (t),n r (t) (Q) tor satisfies 6P = O or 8P = O.
If 6P t = O, then the x-coordinates of 2P t and 4P t are the same, so by (7), we have that
Then, it can be factored into two parts so that we have
Solving each equation for m r (t) implies that
Since m r (t) is an integer, the case (8) implies that n r (t) divides (−1 − 8n r (t) 3 + 6n r (t) 2 + 3n r (t) 4 ), which implies that n r (t) divides −1, so n r (t) = ±1, which is impossible for (t, r) ∈ T by (6). The case (9) implies that
Since r is an integer and t = 0, M 2 t 2 +Mt+1 must be a square but not 1, say s 2 in N. Then s = ±1 and (2Mt+1−2s)(2Mt+1+2s) = −3. So (2Mt+1−2s, 2Mt+1+2s) = (−1, 3), (1, −3), (3, −1), or (−3, 1). But each case implies that s = ±1, which is impossible. So we have shown that if (t, r) ∈ T , then 6P t = O.
If 8P t = O, then the y-coordinate of 4P t is zero, so by (7), we have
Hence, by solving each equation for m r (t),
If the first case happens, since n r (t) divides (n r (t) − 1) 4 , we must have that n r (t) = ±1, which is impossible for (t, r) ∈ T by (6) .
If the second case happens, since n r (t)
2 − 4n r (t) + 5) − 4), a positive integer n r (t) 2 + 1 must divide −4 and so n r (t) = 0 or ±1, which is impossible for (t, r) ∈ T by (6) again.
If the third case happens, since n r (t) divides (n r (t) 2 + 6n r (t) + 1)(n r (t) − 1) 2 , we must have that n r (t) = ±1, which is impossible for (t, r) ∈ T by (6) .
Thus, we have proved that 8P t = O for each (t, r) ∈ T . Therefore, for every pair (t, r) ∈ T , P t is a nontorsion point of E m r (t),n r (t) (Q), so E m r (t),n r (t) (Q) is of positive rank and, by Corollary 5, (m r (t), n r (t)) is a strongly concordant pair.
Referring to (3) and (4) in Corollary 5 and (7), for each (t, r) ∈ T , the xcoordinate of 2P t is a r (t) = (Mt + Mr − k + 1) Table 1 . 
